Abstract. We show transversality and compactness for the moduli of pearly Morse trajectories on a Lagrangian in a compact symplectic fiber bundle with rational base and small monotone fibers. We then derive a spectral sequence in the vein of the classical Leray-Serre sequence and show that it converges to the Lagrangian Floer cohomology.
It has long been assumed that the collection of Lagrangians in a symplectic manifold holds a key to understanding the manifold itself. Such an assumption leads one to define invariants involving Lagrangians and pseudo holomorphic curves, known loosely as Lagrangian Floer theory. The chains are typically intersection points of Lagrangians and the differential d "counts" maps from surfaces that satisfy a PDE better known as∂ = 0. A fundamental problem lies in the definition of the differential, as one must almost always perturb the equation in some way to get d 2 = 0. Such a confounding factor contributes to the depth of the subject and inspires new mathematical tools to be developed.
We consider the problem of defining the Floer Cohomology of a single Lagrangian in the setting of a symplectic fiber bundle. The inspiration comes from the age-old "Leray-Serre" spectral sequence associated to a fibration of topological manifolds [Ler50a] [Ler50b] . The hope of the program is to simplify the computation of Lagrangian Floer invariants and eventually write down a recipe for the Fukaya category for symplectic fibrations.
In this paper, we first tackle the transversality and compactness problems that obstruct the definition of Lagrangian Floer cohomology. Then, we formulate a spectral sequence that computes the Lagrangian Floer homology of a fibered Lagrangian in a symplectic fibration.
Let (F, ω F ) → (E, ω) π − → (B, ω B ) be a fiber bundle of compact connected smooth manifolds, each of which come equipped with their own symplectic structure. Assume further that the transition maps of the fiber bundle are symplectomorphisms of (F, ω F ). Following GuilleminLerman-Sternberg [GLS96] , it turns out that one can equip E with a somewhat natural symplectic form called the weak coupling form a + Kπ * ω B (1)
and such that the two-form on B
The final condition is a normalizing condition and guarantees a uniqueness statement 2.2, and ♯ is the operation that lifts a vector in T B to vector in T E that is horizontal with respect to the connection
We imagine that there is a Lagrangian L ⊂ E such that L fibers as
with L F and L B Lagrangian submanifolds of F and B respectively. To ensure that the Floer theory works, we need to restrict the class of symplectic manifolds and Lagrangians that we work with. A symplectic manifold F is called monotone if forms a discrete subset of R.
Definition 1.1. A Symplectic Mori Fibration is a fiber bundle of compact symplectic manifolds (F, ω F ) → (E, ω H,K ) π − → (B, ω B ), whose transition maps are symplectomorphisms of the fibers, (F, ω F ) is monotone, (B, ω B ) is rational, and ω K = a + Kπ * ω B for large K where a is the minimal coupling form associated to a connection H with Hamiltonian holonomy around contractible loops.
The terminology is inpired by Charest-Woodward and González-Woodward's [CWa] [GW] minimal model program for symplectic manifolds. They look to write down generators for the Fukaya category of a symplectic manifold by using minimal model transitions from algebraic geometry. The end stage is typically a so-called "Mori fibration".
Definition 1.2. A fibered Lagrangian in a symplectic Mori fibration is a Lagrangian
with L F ⊂ (F, ω F ) monotone Lagrangian and L B ⊂ (B, ω B ) rational Lagrangian.
To construct such a Lagrangian, one typically takes L F ⊂ F p and flows out a submanifold over L B with respect to the connection H, assuming that the holonomy preserves L F . A given fibered Lagrangian must be invariant under parallel transport; see Lemma 2.1.
The coefficient ring that we use is a Novikov ring in two variables:
c ij q ρi r ηj |c ij ∈ C, ρ i ≥ 0, (1 − ǫ)ρ i + η j ≥ 0
Essentially, the exponent of r cannot be too negative compared to the (positive) exponent of q, with ǫ appearing for technical reasons in the proof of the main theorem 8.1.
Let b be a Morse-Smale function on L B . One can form a pseudo gradient X b ∈ Vect(B, T B), whose flow characteristics are equivalent to that of grad(b) with respect to some metric. At critical points x i , we have the critical fibers F i . Choose a Morse-Smale function g i on each critical fiber L Fi and an associated pseudo gradient X gi ∈ (L Fi , T L Fi ) and extend to a vector field X g ∈ Vect(E, T F ). Form the Floer complex where M Γ represents a moduli space of P Γ -holomorphic pearly Morse trajectories based on some labeled tree Γ. σ represents the number of marked interior points on u, ε = ±1 depending on orientation of the moduli space, and Hol ρ (u) is the evaluation of u at a representation
The fact that the moduli spaces appearing in the definition of δ are of dimension 0 (and so can be counted) along with the fact that δ 2 = 0 (up to some known correction) is the subject of our first two main theorems: Transversality [Theorem 6.1 ] and Compactness [Theorem 7.1 ]. We state their abridged versions in Theorem 1.1.
We obtain transversality for pearly Morse flows in E using a geometric/Hamiltonian perturbation system, based on that of [CM07] [CWb] (hence the rational L B ⊂ B assumption). The Hamiltonian part of the perturbation system is as follows: It turns out that lifting a disk v : (D, ∂ → (B, L B ) toũ : (D, ∂D) → (E, L) corresponds to solving the boundary value problem
where X 0,1 h is the F -vector field valued one-form on D that prescribes the holonomy in v * E [c.f. [AS] , [Gro85] 1.4, [MS04] Chapter 8]. We exploit the full power of this fact in the sequel.
Compactness is an easier story. The main point is that the almost complex perturbation data must satisfy important coherence conditions [CM07] [CWa] , and in addition must be compatible with "forgetting pearls that map to a single fiber".
We suppose (for now) that we have a solution m to the Maurer-Cartan equation so that δ In the sequel, we provide some sufficient conditions for when δ 2 = 0 (namely, when L B is strongly unobstructed) by computing lifts of the disk potential. It is still open as to when one can find a general m, and any further progress seems to be related to lifting holomorphic configurations with n inputs.
In the second half of the paper, we derive a Leray-Serre type spectral sequence to compute HF (L, Λ 2 ). To summarize the three main results:
(Theorems 6.1, 7.1) There is a coherent choice of perturbation data so that the Floer differential δ is well-defined, and (2) (Theorem 8.1) assuming that we have a solution m to the Maurer-Cartan equation, there is a spectral sequence E * s that converges to HF * (L, Λ 2 ) whose second page is
and moreover we sketch the invariance of such a cohomology theory. The spectral sequence is induced by the filtration F q Λ 2 of Λ 2 by q degree. HF (L F , E, Λ r ) is defined to be the "Family Floer cohomology" following [Hut] . It is the Floer cohomology of the complex (CF (L, Λ[r]), δ 1 ) where δ 1 counts pearly Morse trajectories that project to Morse-only trajectories. Such a spectral sequence may have more utility in a theoretical setting (i.e. inducing a spectral sequence in the Fukaya category) rather than in applications, and this is due to the following observation: For an isolated pearly Morse trajectory u : C → (E, L), the projection π • u can lie in a moduli space of dimension as high as dim L F . This makes Theorem 1.1 hard to use unless one has a description of all of the holomorphic disks of sufficiently high index in the base. Nonetheless, we provide a simple example with some degrees of freedom:
1.1. Example: Fibrations over a surface of genus ≥ 2. As a basic illustration of Theorem 1.1, we compute HF (L) for L in some projective bundle over a high genus Riemann surface.
Let P n → E → Σ g be some holomorphic projective bundle equipped with a weak coupling form. We have a long exact sequence of sheaf cohomology groups
) is surjective and E = P(V ) for some holomorphic vector bundle V .
We can choose a "balanced" curve L B ⊂ Σ g in the sense of [Sei11] :
it is null-homologous and
whenever L B divides Σ g into two Riemann surfaces with boundary. This is really a monotonicity condition, and allows one to construct the Lagrangian intersection theory. It has been observed by Seidel, Efimov [Efi12; Sei11] , and others that these curves generate the Fukaya category.
Since L B is not contractible, we have that π 2 (B, L B ) = 1, so there are no nontrivial disks with boundary in L B by the energy identity
Therefore, the Floer cohomology is isomorphic to the classical Morse cohomology with Novikov coefficients, as one can see from case F = {pt} in Theorem 1.1 (i.e. [Oh] ). In particular, L B is non-displaceable.
From now suppose that we have parameterized L B as a simple, balanced, closed curve
) denote the moduli space of degree d holomorphic line bundles over Σ g . We have an injective Abel-Jacobi map
that sends z to the line bundle corresponding to the divisor d [z] . Let O d z denote the line bundle of degree d with a global section that vanishes at z.
We take the bundle
, and form the function log(1 + |z| 2 ). We have that ∂∂ log(1 + |z| 2 ) descends to the fiberwise quotient gives a connection form. It follows that one can pick a weak coupling form
where da = 0, a| F = ω F S is the Fubini-Study, and ω Σ is some orientation form on Σ g . Alternatively, a choice of Hermitian metric reduces the structure group to U (3) so that Σ kl gpq has structure group P U (3) and satisfies the most rudimentary definition of a symplectic fiber bundle from section 2 see [1.1 [GLS96] ].
To find a Lagrangian that fibers over L B , we deform the connection by an exact form so that parallel transport preserves the fiberwise Clifford torus. Let U be a tubular neighborhood of L B , and assume that we have a parameterization L B :
a⊥ is symplectic, and hence Hamiltonian by the simply connectedness of P 2 . Since P U (3) is connected, let us choose a symplectic trivialization along L B and extend it to U . Let C ∞ 0 (P 2 ) denote the Banach space of smooth functions with fiberwise 0-average
There exists a one form
that describes infinitesimal parallel transport along L B . That is, let ∂ ♯ θ denote the horizontal lift of a vector field on L B to H 0 . We have
. Let φ be a bump function that is 1 on L B and 0 outside U , and let
be a new connection form on π −1 (U ), with connection denoted H h . For the vector field ∂ θ ∈ T L B , let ∂ ♯h θ denote the horizontal lift to the new connection. Then we have 
with y 0 the maximum and y 3 the minimum. We then perturb slightly so that g is sufficiently generic, and this amounts to changing the y j by e iǫj in some coordinates. We have an associated pseudo-gradientX g . Let
) and is (i.e.) 0 outside a neighborhood of these points. Label the critical points on CliffP 2 θ as y j,θ .
We need a regular choice of almost complex structure in the critical fibers, so we can take the integrable toric complex structure J I (regular by [Cho04] ). If Φ LB (θ) is parallel transport from L B (0) to L B (θ), then Φ LB (θ) * J I =: J I,θ is also regular, since it only differs from J I by a rotation. Hence, θ → J I,θ is a regular homotopy.
As there are no base holomorphic disks, we have that 
up to translation. Moreover, for generic perturbations of the Morse function we have that either a) none of these disks contribute to the Floer differential or b) we get cancellation with the appropriate choice of orientation on the moduli space. Hence, δ 1 = 0 and
as Λ r modules.
To compute E * 2 one typically needs to compute the continuation maps between (CliffP 2 0 , J I,0 ) and (CliffP 2 1/2 , J I,1/2 ). However, as we are using the toric complex structure and parallel transport is only a toric action we have J I,0 = J I,1/2 . Hence, we only need to consider Morse flows between CliffP 2 0 and CliffP 2 1/2 (and by now we are in the classical Leray-Serre case). Since Ind(x 1 ) − Ind(x 0 ) = 1, δ 2 will only count flows between y i,0 and y j,
). Since the parallel transport is a half rotation in each coordinate, it follows that any potential isolated flow either cancels with one coming from the other leg of L B , or "misses its mark" for a generic Morse function g. Thus we have
as Λ 2 -modules.
1.2. Outline. We start with a review of the basic constructions in symplectic fibrations 2.
In 3, we review the finer points of marked disks in the setting of stabilizing divisors, and introduce new notions in 4. We introduce perturbation data and holomorphic configurations in section 5. Sections 6 and 7 hash out the details of basic smoothness and compactness for the moduli of holomorphic configurations.
We develop a spectral sequence in 8 and show that it converges. Finally, we discuss the invariance of our theory in section 9.
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Symplectic fibrations
The type of symplectic manifolds that we are working with are as follows
, whose transition maps are symplectomorphisms of the fibers, (F, ω F ) is monotone, (B, ω B ) is rational, and ω K = a + Kπ * ω B for large K where a is the minimal coupling form associated to a connection with Hamiltonian holonomy around contractible loops.
We begin by reviewing some basic results about symplectic fiber bundles. Following [MS98] section 6, we start with fiber bundle with connected and compact total space E, base (B, ω B ), and fiber (F, ω F ). A symplectic fibration is such a space E where the transition maps are symplectomorphisms of the fibers:
We state a basic existence result for when we can think of E as a symplectic manifold.
Theorem 2.1 (Thurston, Theorem 6.3 from [MS98] ). Let (F, ω F ) → E → (B, ω B ) be a compact symplectic fibration with connected base. Let ω Fp be the canonical symplectic form on the fiber F p and suppose that there is a class b ∈ H 2 (E) such that ι * p b = [ω Fp ] for some (and hence every) p ∈ B. Then, for every sufficiently large real number K > 0, there exists a symplectic form ω K ∈ ∧ 2 (T ∨ E) that makes each fiber into a symplectic submanifold and represents the class
A priori, showing the existence of such a class b is not easy. However, one can assume that e.g. F is a surface of genus g = 1: There is a λ > 0 so that
2 (E) satisfies the premise of Thurston's theorem.
From here on, denote by a the two-form representative of the class b from Theorem 2.1. Given that (F p , a) is fiberwise symplectic, we get a well defined connection by taking the symplectic complement of T F , denoted
We will call a connection arising in this way a symplectic connection, or equivalently a connection whose parallel transport maps are symplectomorphisms on the fibers. While there may be many (closed) such a that define the same connection H, Guillemin-Lerman-Sternberg [GLS96] and McDuff-Salamon [MS98] give a construction that uses the (assumed) Hamiltonian action of parallel transport. Let n = dim F . For a closed connection two form a on E, let
be the two form on T B that lifts v 1 ∧ v 2 and integrates ι v1∧v2 a 2n+2 over the fiber. . Let H be a symplectic connection on a fibration F → E → B with dim F = n. The following are equivalent:
(1) The holonomy around any contractible loop in B is Hamiltonian.
(2) There is a unique closed connection form ω H on E with i * ω H = ω F and
The form ω H is called the minimal coupling form of the symplectic connection H.
The idea is that ω H is already determined on vertical and verti-zontal components, so it remains to describe it on horizontal components. This is done assigning the value of the zero-average Hamiltonian corresponding to
where the v 
Let H L := H ∩ T L be the restriction of the connection to L. We have the following basic criteria for constructing a fibered Lagrangian: 
Using the curvature identity, we have
In applications, it is important to be able to extend symplectic connections:
Theorem 2.4 (Theorem 4.6.2 from [GLS96] ). Let A ⊂ B be a compact set, A ⊂ U an open neighborhood, and H ′ a symplectic connection for
In light of theorem 2.3, nothing is lost if we modify the connection near a candidate Lagrangian and then extend it using theorem 2.4.
Moduli of treed disks
We set notation and background for the treed disks that function as domains for pseudo holomorphic configurations, with notation and refinement inspired by [CWb] and core ideas inspired by [BC] .
A labeled tree T is a planar tree (Edge(T ), Vert(T )) that can be decomposed as follows:
(1) When Vert(T ) = ∅, Edge(T ) consists of (a) finite edges Edge − (T ) connecting two vertices of two types: (i) Edge For any e ∈ Edge → (T ) there is a distinguished point ∞ that is added after compactifying.
A metric labeled tree is a labeled tree with an assignment of a length to each boundary node ℓ : Edge
Let Edge
•,t − (T ) denote the set of boundary nodes of length t. If a finite edge has infinite length, we call that edge broken. Thus we have a broken metric tree with the identification e ≡ e ′ ⊔ ∞ e ′′ where e ∈ Edge
and ⊔ ∞ denotes the identification of the edges at their respective point at infinity. Precisely one of e ′ , e ′′ will be a root of the sub tree T ′ resp. T ′′ .
Definition 3.1.
(1) An (n, k)-marked disk is a Riemann surface with a biholomorphism to D ⊂ C and n distinct boundary special points {x i } resp. k distinct interior special points {z j }. An (n, k)-marked disk is stable if n + 2k ≥ 3.
(2) An n-marked sphere is a Riemann surface with a biholomorphism to P 1 and n distinct special points {z j }. An n-marked sphere is stable if n ≥ 3. (3) A marked surface is one of the above.
Two marked surfaces (S, x, z) and (S ′ , x ′ , z ′ ) are said to be equivalent if there is a biholomorphism φ : S → S ′ that sends x to x ′ and z to z ′ . Let T be a labeled metric tree and let
(1) a (possibly broken) labeled metric tree (T, ℓ), (2) a collection D T of marked surfaces as above, (3) a bijective identification ∼ of the interior special points z with Edge
together with a cyclic identification between the boundary special points x and Edge
is the divisor intersection multiplicity at e.
Finally, for a symplectic manifold E and a Lagrangian L, we label the vertices
interior markings (∼ interior special points) Edge
interior nodes (∼ interior special points) Edge
boundary markings (∼ boundary special points) Edge
boundary nodes (∼ boundary special points) ℓ : Edge
boundary node length m : Edge
sphere classes A geometric realization U of C is the topological space given by replacing the vertices with their corresponding marked surfaces and attaching the edges to the corresponding special points, together with the Riemann surface structure on each surface component. The geometric realization class is the space U up to equivalence of the underlying collection D T before gluing. A treed disk is stable if and only if each marked surface is stable.
The combinatorial type Γ(C) of a treed disk is the information contained in the above chart and in the items from definition 3.2. LetM n,m be the moduli space of treed disks with n boundary markings and m interior markings. Let M n,m be the moduli of treed disks up to equivalence of the underlying collection of marked surfaces. The connected components of M n,m can be realized as a product of Stasheff's associahedra, and thus it is a cell complex.
One can stratify M n,m by combinatorial type: For each stable combinatorial type Γ, let M Γ be the subset of treed disks of type Γ endowed with the subspace topology. Such a subset is contained in a single cell-with-corners, and it the level set of smooth constant rank map. Hence it has the structure of a smooth manifoldwith-corners.
The universal treed disk of type Γ is the fibration We can view a universal treed disk as a union of two sets: S Γ ∪ T Γ . The former is the two dimensional part of the equivalence class of each fiber, and the later being the one dimensional part. S Γ ∩ T Γ is the set of special points. Given a treed disk C, we can identify nearby disks with C using a local trivialization. This gives us a map for each chart
There are certain morphisms of graphs, e.g cutting/collapsing edges or making an edge length finite or non-zero, and these give rise to morphisms on the associated moduli of treed disks and the universal treed disk; see [CWa] for the complete picture. The perturbation data will be defined on U Γ , and in order to obtain a compactness result the data will need to be compatible with certain operations on the universal treed disk; see coherence axioms in section 6.
Relevant adaptions for the Moduli of treed disks
We develop some additional notions catered to the fibration setting. Let Γ be a combinatorial type and U Γ a geometric realization of Γ.
Definition 4.1. A binary marking ̺ for Γ is a subset of the vertices and edges, denoted mVert(Γ) and mEdge(Γ), for which any map u : U Γ → E is required to map the domain for mv ∈ mVert(Γ) resp. me ∈ mEdge(Γ) to a constant under π. The set of unmarked vertices and edges will be denoted uVert(Γ) resp. uEdge(Γ).
Let S i denote the disk/sphere domain corresponding to the vertex v i . (1) If v i has two incident unmarked edges, e i and f i , with f i closer to the root, then Vert(Υ(Γ)) = Vert(Γ) − {v i } and we identify the edges e i and f i :
. We set ℓ(Υ(e i )) = ∞ if either e i or f i is a semi-infinite edge (hence, so is Υ(e i ) under the broken tree identification). Edge(Γ) − {e i } It follows that Υ(π * Γ) forgets unstable marked vertices and identifies the adjacent edges. This is precisely the combinatorial type of π • u for u : U Γ → Γ.
We get an induced map on moduli spaces resp. universal marked disks, denoted
In terms of the graph, a type is π-stable if for every vertex v 
Perturbation data
To achieve transversality and compactness for the moduli of Floer trajectories, we use an amalgom of the stabilizing divisor approach due to [CM07] , [CWa] with the theory of holomorphic sections of hamiltonian bundles from [Gro85] 
For a symplectic manifold (E, ω) denote by
the space of C l almost complex structures that make ω X positive definite.
5.1. Divisors. First, we review some results on the existence and utility of a sta-
denote the symplectic area homomorphism.
Definition 5.1.
(1) A symplectic divisor in B is a closed codimension two symplectic submanifold D ⊂ B. An almost complex structure J : T B → T B is adapted to a divisor D if D is an almost complex submanifold of (B, J).
A major result from [CWb] , drawn from [CM07] , is that we can actually find an almost complex symplectic divisor that is stabilizing for L B : 
5.1.1. In the fibered setting. For a compatible almost complex structure J B on (B, ω B ), there exists a natural almost complex structure π * J B on the connection bundle H = T F ⊥a of E. We will denote this a.c.s. J B by abuse of notation. An almost complex structure on the sub-bundle H is called basic if it is the pullback of some a.c. structure from the base.
Later, we will achieve transversality by using almost complex structures of the form
where the block decomposition is with respect to the connection T F ⊕ H on E and J B resp. J F are taming a.c.s. for B resp. F . Let
for some J ut . For L B and a stabilizing pair (D B , J DB ), the pair (π −1 (D B ), J D ) forms an almost complex submanifold for any choice of J F and J ut that stabilizes
We use the following definition to refer to this situation:
We label an adapted a.c.s. as J D .
5.2. Adapted Morse functions and pseudo-gradients. Part of the input data requires the choice of a Morse-Smale function and a Riemannian metric on L. It will be important later on that we choose the function so that it descends to a datum on B. We can construct a Morse function on L by the following recipe: take Morse functions b resp. g on L B resp. L F . Take trivializations {(U i , Ψ i )} with the U i small neighborhoods of the critical points {x i } for b. Let φ be a sum of bump functions equal to ǫ << 1 in a neighborhood of each x i and 0 outside U i . The function f = π * b + ǫπ * φg is a Morse function for L with the property that its restriction to fibers near critical points of b is also Morse.
To ensure that critical points only occur in critical fibers of f , the ǫ can be made small enough so that the derivative of the bump function doesn't contribute significantly to the horizontal component of the flow. The Morse function can then be perturbed in small neighborhoods outside of critical points to a Morse-Smale function.
An approach to Morse theory that is well adapted to the fibration setting is that of a pseudo-gradient with details carried out in [ [Hut] 
by the invariance of L under parallel transport. Let us choose a Riemannian metric G B on L B and let X b := grad GB b ∈ T L B . Assume that G B is given by the Euclidean metric in neighborhood of critical points of b. Then X b has a horizontal lift to the connection on T L. Next, choose a metric G F on L F and denote X g := grad GF g, with G F the pullback of the Euclidean metric in a neighborhood of critical points of g. We will show that
has the property of a pseudo-gradient for the Morse function f with respect to the metric G F ⊕ G B . By this, we mean the following:
Definition 5.3. Let f be a Morse function on a Riemannian manifold (M, G). A pseudo-gradient for f is a vector field X such that X p = 0 for p ∈ crit(f ) and
(1) G(grad G (f ), X) ≤ 0 and equality holds only at critical points of f (2) In a Morse chart for f centered at p ∈ Crit(f ), grad e f = X where e is the standard Euclidean metric.
We check that our construction satisfies the pseudo-gradient property:
By the Morse lemma and the local Euclidean property of the metric G B , there are coordinates centered at p ∈ Crit(b) so that G B is Euclidean and
In this chart, we choose φ to be a bump function that is radial, with g |∂ i φ| < 2|x i | and such that dφ has annular support. It is clear that G(grad GB b+g·grad GB φ, X b ) ≤ 0 in these coordinates (with equality as in property 1). It is also clear that G(grad GB b + g · grad GB φ, X b ) < 0 outside of these coordinates where φ vanishes. Moreover, we have that G(φ · grad GF g, X g ) ≤ 0 with equality only at critical points of g and outside the support of φ. The locality property 2 follows from the Euclidean-near-critical-points property of G F ⊕ G B and the Morse lemma for b and g.
Morse theory for pseudo-gradients is spelled out in section 2 of [AD14] . In particular, the Smale condition can be achieved by perturbing the pseudo gradient X := X g ⊕ X b in finitely many neighborhoods outside of critical points.
An important feature of the pseudo-gradient approach is that any flow line γ for X on L projects to a flow line π
From here on, we use the terms "Morse flow" or "Morse trajectory" to describe a flow of any pseudo-gradient that is compatible with our Morse function.
5.3.
Varying the connection on E. While Hamiltonian perturbations are done for pull-back bundles over surfaces [Gro85] [AS], we check that the details go through on the the total space E. [MS04] Chapter 8 is an excellent reference for the former.
Let C ∞ (E, F 0 , R) be the Banach space of smooth functions σ on E such that
where ι p : π −1 (p) ֒→ E is inclusion of the fiber. We refer to this as the zero average condition. Since a| Fp = ω Fp , it does not depend on the choice of connection form.
We denote by
as the Banach space of class C l 1-forms on B with values in the fiberwise-zeroaverage functions. A fibered Hamiltonian perturbation is a choice of such a 1-form σ. Such a form determines a form on T E by pullback and the associated 2-form
By the Weil formula,
we have that dσ vanishes on T F ∧ T F . Hence, a σ | Fp := ω F and a σ is a connection form. The horizontal distribution
Definition 5.4. Define the curvature of H σ to be the function-valued 2-form κ ∈ Λ 2 (B,
By 9 and the normalizing condition on a σ , κ σ (v, w) is actually the unique zeroaverage Hamiltonian associated to [v ♯σ , w ♯σ ] vert . Suppose we pick a fiberwise taming almost complex structure
denote the space of such (C l ) sections. As in subsection 5.1.1 we can express an almost complex structure J h in the T F ⊕ H splitting as
denoted J σ for short. As in [MS04] this is the unique almost complex structure on E such that
and hence is presumably some block diagonal in the T F ⊕ H σ splitting. Let v ♯σ denote the horizontal lift of a base vector to H σ .
Lemma 5.1. Suppose J F is tamed by ω F , J B is tamed by ω B , and J B , K >> 1 satisfy
for all v ∈ T B. Then a σ + Kπ * ω B is tamed by J σ .
Proof. As H 0 is the reference connection, we use it for the computation. One checks that
Hence, J σ is tamed by a σ + Kπ * ω on the horizontal distribution by the assumption. As J σ | T F = J F and a σ | T F = ω F , this proves the lemma.
Remark 5.1. In applications, we will typically want to fix K and use σ to achieve transversality for vertically constant disks. Since the connection H 0 is assumed to have Hamiltonian holonomy (around contractible loops), we have that
is an open condition about σ = 0 ∈ Ham(F, B).
Fibered Perturbation Data.
We can now define the type of perturbation data that we will use to achieve transversality. Fix a pseudo-gradient for X f := X g ⊕ X b for the Morse function f = g + π * b on the fibered Lagrangian L. Fix a stabilizing almost complex structure J DB for a stabilizing divisor D B as in section 5.1. To save notation, denote π * J DB =: J DB on the total space. First, we choose neighborhoods in the universal curve on which the datum will be constant. For a π-stable type Γ, define the projected universal curve Υπ * U Γ as universal curve corresponding to the π-stabilization of Γ. LetS Γ ⊂ Υπ * U Γ be the two-dimensional part of each π-stabilized fiber, and let T Γ ⊂ U Γ the one-dimensional part of each un-stabilized fiber. Fix a compact set S o Γ ⊂S Γ in the projected universal disk not intersecting the boundary, nodes, or interior markings of each surface component and having non-empty interior in every fiber. Also fix a compact set T o Γ ⊂ T Γ whose intersection with each universal fiber has non-empty interior.
The complementsS
are neighborhoods of the boundary, interior markings, and nodes on Υπ * U Γ resp. neighborhoods of ∞ on edges in each fiber of the universal curve. On the critical fibers (F xi , a| Fx i ) with respect to the Morse function b choose tamed almost complex structures J i F . Let
be the space with a natural identification to block diagonal almost complex structures
in the connection H 0 with J F satisfying the constraints. Evaluation of J F at a fiber F i is a regular map, so J l bd is a Banach manifold. To simplify notation, let
Fix an H 0 , K in the weak coupling form, and let
J σ satisfies the premise of 5.1 .
where the identification of J σ with an element in J Definition 5.5. Fix a stabilizing J DB . Let (Γ, x) be a π-stable combinatorial type of treed disk with a Morse labeling. A class C l fibered perturbation datum for the type Γ is a choice of I k together with a piecewise C l map
that satisfies the following properties:
(1) σ ≡ 0 and J B ≡ J DB on the neighborhoods S Γ − S o Γ , (2) σ ≡ 0, J B ≡ J DB on T Γ , and (3) X is identified with a function X :
denote the Banach manifold of all class C l fibered perturbation data (for a fixed J DB ).
Any perturbation datum P Γ lifts to the universal curve via pullbackP Γ := (Υπ * ) * P Γ . As such, we will only distinguish betweenP Γ and P Γ when necessary.
Definition 5.6. A perturbation datum for a collection of combinatorial types γ is a family P := (P Γ ) Γ∈γ 5.4.1. Holomorphic treed disks.
Definition 5.7. Given a fibered perturbation datum P Γ , a P Γ -holomorphic configuration of type (Γ, x) in E with boundary in L consists of a fiber C = S ∪ T of the universal curve U Γ equipped with an integrable complex structure, together with a continuous map u : C → E such that
(2) On the surface part S of C the map u is J σ -holomorphic for the given perturbation datum: if j denotes the complex structure on S, then
(3) On the tree part T ⊂ C the map u is a collection of flows for the perturbation vector field:
where s is a local coordinate with unit speed so that for every e ∈ Edge • (Γ), we have e ∼ = [0, ℓ(e)], e ∼ = [0, ∞), or e 0 ∼ = (−∞
2) u takes the prescribed order of tangency at each e ∈ Edge Proposition 7.1 from [CM07] shows that 2 is the same as the "order of tangency": In a coordinate neighborhood that sends D to C n−1 ⊂ C n define the order of tangency of u to D at z e to be tan e (u) = max
We have tan e (u) + 1 = m e (u). In particular, m e (u) ≥ 0.
5.4.2.
Coherence. The operations on the moduli of treed disks induce operations on perturbation data, and it is important for the compactness result that the perturbation data obey a coherence condition, see
Definition 5.9. [Definition 2.11 [CWa] ] A fibered perturbation datum P = (P Γ ) Γ∈γ is coherent if it is compatible with the morphisms on the moduli space of treed disks in the sense that
(1) (Cutting edges axiom) if Π : Γ ′ → Γ cuts an edge of infinite length, then P Γ = Π * P Γ ′ , (2) (Collapsing edges/making an edge finite or non-zero axiom) if Π : Γ → Γ ′ collapses an edge or makes an edge finite/non-zero, then P Γ = Π * P Γ ′ , (3) (Product axiom) if Γ is the union of types Γ 1 , Γ 2 obtained from cutting an edge of Γ, then P Γ is obtained from P Γ1 and P Γ2 as follows: Let π k : M Γ ∼ = M Γ1 × M Γ2 → M Γ k denote the projection onto the k th factor, so that U Γ is the unions of π * 1 U Γ1 and π * 2 U Γ2 . Then we require that P Γ is equal to the pullback of P Γ k on π * k U Γ k (4) (Ghost-marking independence) If Π : Γ ′ → Γ forgets a marking on components corresponding to vertices with [v] = 0 and stabilizes, then P Γ ′ = Π * P Γ . (5) (π-stabilization axiom) If Γ is a π-stable type, then P Γ = Ω * P Υ•π * Γ
Transversality
For a π-stable type and Morse labeling (Γ, x) choose a fibered perturbation data P Γ . LetC Γ be a fiber of the pre-universal disk. Definẽ M Γ (x 0 , . . . , x n , P Γ ) := u :C Γ → E|u is a P Γ -holomorphic config. for L to be the moduli of J Γ -holomorphic configurations. Let ∼ be the equivalence relation onM Γ generated by fiberwise holomorphic parameterizations of the preuniversal marked disk. Such an action gives way to an action on Floer configurations, as the perturbation datum is constant on unstable domains 5.5. Define
to be the moduli of classes of Floer trajectories of type Γ. The expected dimension of M Γ (x, P Γ ) is given by the index of the configuration
− |Edge
is cut out transversely, and hence is a smooth manifold of dimension Ind(x, P Γ ).
We restrict to a smaller class of adapted trajectories: There is a partial ordering on combinatorial types: we say that
that is a composition of collapsing an edge or making an edge length finite/nonzero. Realistically, a configuration of type Γ will be the Gromov-Floer limit of configurations of type Γ ′ , so the coherence axioms are in place so that we can prove a compactness result later on. The partial order is bounded below by the type with only one vertex, although this configuration will have very high index.
Theorem 6.1 (Transversality). Let E be a symplectic Mori fibration, L a fibered Lagrangian. Suppose that we have a finite collection of uncrowded, π-adapted, and possibly broken types {Γ} with Ind(Γ, x) ≤ 1.
Then there is a comeager subset of smooth regular data for each type
that forms a regular, coherent datum. Moreover, we have the following results about tubular neighborhoods and orientations:
(1) (Gluing) If Π : Γ → Γ ′ collapses an edge or makes an edge finite/non-zero, then there is an embedding of a tubular neighborhood of
gives an orientation on M Γ by choosing an orientation for M Γ ′ and the outward normal direction on the boundary.
Proof. Let C be the geometric realization of treed disk of type Γ. For p ≥ 2 and k > 2/p let Map 0 (C, E, L) k,p denote the space of (continuous) maps from C to E with boundary and edge components in L that are of the class W k,p on each disk, sphere, and edge. For a vertex v ∈ Vert(Γ) let Edge
• v be the boundary edges resp. e
• v the interior edges incident at v. Lemma 6.1. Map 0 (C, E, L) k,p is a C q Banach manifold, q < k − n/p, with local charts centered at u given by the fiber sum of vector fields that agree at disk nodes and interior markings:
where the chart into Map 0 is given by geodesic exponentiation with respect to some metric on E that makes L and D totally geodesic.
Let Map
denote the submanifold of maps whose spheres and disks map to the labeled homology classes that have the prescribed tangencies to the divisor.
In general, the space Map 0 Γ (C, E, L) k,p is a C q Banach submanifold where q < k − n/p − max e m(e). Following Dragnev [Dra04] , we construct perturbation data on trivializations of the universal tree disk and patch together. Given such a trivialization C ∈ U 
Will be the domain for the∂ operator. We have a Banach vector bundle E i k,p,Γ,l given by
where Λ 0,1 j,Jσ,Γ (C, u * v T E) k−1,p denote the space of (0, 1)-forms with values in the indicated bundle, Vect l is the space of vector fields on u * e T L, and (E i k,p,Γ,l ) m,u,J,F is the subspace of sections that vanish to order m e (u) − 1 at the node or marking corresponding to e (see definition 2). Local trivializations of the Banach bundle are given by parallel transport along geodesics in E via the Hermitian connection associated to the family J σ (on surfaces components) and the Levi-Civita connection associated to the metric on L for which X = −gradf near critical points. For the transition maps to be C q , we need the l in J H l (E, ω H,K ) large enough so that
There is a C q section ∂ :
The local universal moduli space is defined to be
where B i k,p,Γ,l is identified with the zero section. In order to show that the universal moduli space has a differentiable manifold structure, we need to show that the linearized-∂ operator is surjective, i.e. that the ∂ section is transverse to the zero section.
With respect to the variable in Map 
The (0, 1)-component of the differential with respect to the P Γ (E, D) variable is of the form
The tangent spaces at the complex structures are given by
and the tangent space T σ Ham(F, B) is again Ham(F, B) as it is a linear space. The exact formula with respect to the the J ∈ J H variable is:
For a given surface component u v we have a splitting of the domain of the linearized operator from the connection H σ :
While the range does not split unless σ = 0 = β, it includes into the split space
In such a splitting, we have
by definition of J σ , so we have a well-defined projection
The surjectivity of this projection amounts to solving the perturbed equation
σ η 2 is a solution and surjectivity follows. In light of this, the linearized operator restricts to a a map
From here on, it suffices to consider u on each surface component separately, and we let u denote this restriction. We further separate into cases where u is constant in the horizontal direction, the vertical direction, both, or neither.
Since the projection π : E → B is holomorphic for every choice of perturbation datum, π • u is also holomorphic. We divide into sub cases where for the splitting T F ⊕ H σ and associated decomposition du T F ⊕ du σ one, both, or neither of the derivatives vanish. Case 1: u is vertically constant: du T F = 0 = du σ . It follows from π-stability that the domain of u is stable and has no automorphisms after forgetting marked components on Γ. First consider the case when u has no tangencies to the divisor.
We show that the image of 26 is dense in Λ 0,1 j,Jσ (C u , u * T F ⊕H σ ) k−1,p , and the analytic details will parallel that of [Proposition 3.2.1 [MS04] ]. Suppose this is not the case for some (u, J σ ) ∈∂ −1 (0). Since 26 is Fredholm (see Appendix C [MS04] ), the image is closed. By the Hahn-Banach theorem, there is an non-zero element η ∈ Λ 0,1 Let η = (η 1 , η 2 ) in the splitting 27. By the projection map 28, we have that η 2 is (J B , j) anti-holomorphic and (k − 1, q), so either it is identically 0 or non-zero on a dense set. First, we take the former case. It follows that η 1 = 0 on a dense set and η 1 satisfies
] gives a basic recipe for K F at any J F .) Choose a small neighborhood U p on which u is injective (assuming that we chose p as a non-branch point) and extend X β to 0 outside of U p , and do so in such a way that
which is a contradiction to 33. Therefore, 26 surjects onto the subspace {η 2 = 0}. Next assume that η 2 = 0 on a dense subset U , and choose p so that du σ = 0 = η 2 and p is not a branch point for u. Similar to the above argument (and essentially following [Theorem 2.19 [CWa] ]), one can find a locally supported section K B : C u → T JB J (B) so that
When there are tangencies to the divisor, the above method in combination with Lemma 6.6 from [CM07] gives surjectivity.
Case 2: du σ , du T F = 0. This is the same as case 1. Case 3: u horizontally constant: du σ = 0 = du T F The domain corresponds to a marked vertex of Γ, so that u is a J F -holomorphic curve in the monotone manifold F p , with boundary conditions in F p ∩ L in the disk case.
If u is simple, we can use the standard argument from [Proposition 3.2.1 [MS04] ] to get surjectivity for the restriction 30.
Suppose u contains a non-simple disk component. By decomposition results due to [Laz10] , we have that u represents a sum of elements of H 2 (E, L): If dimF ≥ 3, we must have that Ind(u) = mInd(ũ), wherẽ u • p = u for simple J-holomorphicũ and holomorphic covering map p. Surjectivity for 30 can be achieved forũ as in the simple case, so letΓ denote the reduced combinatorial type with u replaced byũ.
If u is a non-constant and nowhere injective sphere component attached to a configuration Γ, then by [Laz10] u =ũ • p for a degree m > 1 branched covering map p. From this, we get that 2c 1 (A u ) = 2mc 1 (Aũ) > 0 since u is non-constant and F is monotone. In either case, the minimal Maslov number is assumed ≥ 2, so we have
We first reduce to the case where the marked components are simple. Once we prove the theorem for such a case, it will follow that a configuration with any multiply covered marked components has index ≥ 1, which goes against the assumption.
To see that 26 is surjective note that σ = 0, so the range splits as well. In lieu of the previous paragraph it suffices to check surjectivity after composing with the projection
Since π • u is constant, we can extend it to a map from P 1 into B and use the criterion from [Lemma 3.32 [MS04] ]. Specifically,
is surjective by a Schwartz reflection principle, so for the smooth case it suffices to show that 26 is surjective onto the former. π • u * T B is a trivial holomorphic vector bundle with the (constant) complex structure J B , and it splits into a direct sum of trivial holomorphic line bundles. The only anti-holomorphic (and holomorphic) maps f : P 1 → C are constant, and D π•u,JB ,j is not identically 0, so it must be surjective when restricted to each line bundle. Hence, D π•u,JB ,j is surjective in the smooth case, and in the (k − 1, p) case we use the usual elliptic bootstrapping argument of the adjoint operator D ∨ π•u . Surjectivity on the edges is a matter of a standard argument: The linearization of the operator
and ∇ s is the pullback of the Levi-Civita connection. If x ∈ u * T T L is in the cokernel this linearization, then we have
If x = 0, then it must be non-zero on an open dense subset of T by uniqueness of solutions to ODEs. Choose a compactly supported X Γ so that the pairing X Γ u T , x is positive on a small open subset and 0 otherwise. This gives a contradiction. Surjectivity for constant disks and spheres is similar to the argument at the end of case 3.
By the implicit function theorem, M
We now consider the restriction of the projection Π :
to the universal moduli space. The kernel resp. cokernel of this projection is isomorphic the kernel resp. cokernel of the operator linearized operator 26 
which is also a comeager set. An argument due to Taubes (see Theorem 3.1.5 II [MS04] ) shows that the set of smooth regular perturbation datum
Using the transition maps for the universal curve of Γ, we get maps g ij :
Since each piece M i Γ (P Γ ) and the moduli space of treed disks is Hausdorff and second countable and the moduli space of treed disks is, it follows that M Γ (P Γ ) is Hausdorff and second countable.
It follows that for each type, we have a comeager set of smooth data. To select a coherent system, one can use the fact that the collection {Γ} is finite and that a countable intersection of comeager sets is again comeager. The most serious condition that occurs is that of (collapsing an edge), as this requires perturbation datum on Γ lie in the intersection of two comeager sets on surface components and imposes an empty condition on the collapsed edge. In case of (making an edge length non-zero), one can perturb on the small length edge via a covariant constant non-zero vector field, and this will still give a contradiction in 35.
The gluing argument that produces the tubular neighborhood of
is the same as in [CWb; CWa] . The matter of assigning compatible orientations is also similar.
Remark 6.1. In the sequel, it will be important to be able to choose a very specific vertical complex structure for the "vertically constant" configurations. The argument in Case 1 uses domain dependence of the connection σ to show that the linearized operator 26 is surjective at any vertical a.c.s.
Compactness
We make sure that the moduli spaces M Γ (D, P Γ ) can be compactified without adding sphere bubbles. To keep control of curves in the base we use the stabilizing divisor, and to control things in the vertical direction we use monotonicity and regularity.
Following [CWa] , for a π-stabilizing divisor D = π −1 (D B ) we say that Definition 7.1. an adapted almost complex structure is ̺-stabilized by D if (1) D B contains no non-constant J DB -holomorphic spheres of energy less than ̺, (2) each non-constant J DB -holomorphic sphere u : S 2 → B with energy less than ̺ has #u
This definition is simply the "pullback" of [Definition 2.21 [CWa] ]. Similarly,
is of large enough degree for an adapted J D if:
( 
Since the lower diagonal block is basic, there is a well-defined projection
For an almost complex structure J for which D has sufficiently large degree, define
to be the inverse image of the set from lemma 7.1. For a π-stable combinatorial type Γ, let Γ 1 , . . . , Γ l be the decomposition obtained by deleting boundary nodes of positive finite length. Let U Γ1 , . . . , U Γ l be the corresponding decomposition of the universal curve. Since L B is rational and exact in the complement of D B , any stable treed holomorphic disk projected to B with domain of unmarked type Γ i and transverse intersections with the divisor has energy at most
on the component U Γi , where n(Γ i ) is the number of markings on U Γi and C(k) is an increasing linear function of k; see [CWb] for a proof of this fact.
The type Γ is obtained from Γ i by (making edges finite), so by the coherence axioms it is enough to specify stabilized data on each sub type. To simplify the compactness argument we assume that our configuration does not contain positive, finite length edges.
Theorem 7.1. Let Γ be an uncrowded type with Ind(Γ, x) ≤ 1 and let P = (P γ ) be a collection of coherent, regular, stabilized fibered perturbation data that contains data for all types γ with Ind(γ, x) ≥ 0 and from which Γ can be obtained by (making an edge finite/non-zero) or (contracting an edge). Then the compactified moduli space M Γ (D, P Γ ) contains only regular configurations γ with broken edges and unmarked disk vertices. In particular, there is no sphere bubbling or vertical disk bubbling.
Proof. Let u ν ∈ M Γ (E, L, D, P Γ ) be a sequence of bounded energy adapted P Γ -holomorphic configurations each based on a treed disk C ν . By Gromov and Floer there is a convergent subsequence to a configuration u :C → (E, L) whereC has an associated π-stable curve C based on a type Ξ. We will show thatC = C ∪ {ghost components}, that u is adapted in the sense of definition 6.2, and the absence of sphere/vertical disk bubbles.
To show the (non-constant spheres axiom), we notice that in the limit, any sphere bubble must have energy less than n(Γ, k). Since the almost complex structure takes values in stabilized data, it follows from 1 7.1 that any sphere component S contained in D must be contained in a single fiber. Since Γ can be obtained from Ξ by (contracting an edge), and moreover we are free to change the vertical almost complex structure, it follows that we have regularity for such a configuration. On the other hand, sphere bubbling is codimension two, which contradicts the original index assumption.
Next, the (stable domain) property: Suppose that Υ(π * Ξ) has an unstable component v S : S → B that lifts to a component u S : S → E. The perturbation data takes values in J bd (E, D, J, θ, ̺), so it follows that u S must be J ̺ holomorphic for some D-stabilized a.c.s. J ̺ . Hence, by 2 or 3 7.1, S is a stable domain. This is a contradiction.
(Markings): We have that each interior marking maps to D since this is a closed condition. On the other hand, the fact that every intersection contains a marking follows from topological invariance of intersection number, see the proof of [Theorem 2.26 [CWa] ].
It follows from Theorem 6.1 that the pullback perturbation data from M Γ is regular for M Ξ , and that u is a regular map.
(Sphere bubbles): Any sphere bubble gives a configuration of expected dimension two less than Γ. By regularity of the type Ξ, this contradicts the index assumption Ind(Γ, x) ≤ 1.
(Vertical disk bubbles): Suppose there is a marked disk bubble D attached to a component C. It suffices to check the case when Ind(Ξ, x) = 0, since otherwise u will be contained in an open set in a moduli space of dimension 1 and will not effect the properties of the A ∞ algebra. We have that µ(u| D ) ≥ 2 by assumption. Suppose [u| C ] = 0. Then the configurationΞ with D removed is regular by (π-stabilization axiom) 5.9. On the other hand, we get a configuration of expected dimension ≤ −1, which is a contradiction.
Next, we analyze a vertical disk bubble when [u| C ] = 0. If u| C is not a critical point, then the configuration without D is regular and of index ≤ −1. By the same argument as in the above paragraph, this is a contradiction. Thus, u| C must be a critical point x 0 , and u| D is contained in a critical fiber. In such a case, there are two orientations that one can assign to such a configuration, depending on the ordering of the edges at C: We use the right-hand-rule and assign ±1 to u depending if the outward normal points toward or away from C. We obtain two different configurations that give differing signs in the A ∞ algebra, so they cancel.
Leray-Serre for Floer Cohomology
We derive a spectral sequence from a filtration on base energy that converges to the Floer cohomology of L. First, we discuss the coefficient ring, A ∞ structure, grading, and Family Floer theory.
Our coefficient ring is a modification of the universal Novikov ring in two variables:
for a fixed 0 < ǫ < 1 that we will specify later in lemma 8.3. Choose a brane structure on the Lagrangian L and let Hol ρ (u) be the evaluation of u with respect to a chosen rank one local system ρ : π 1 (L) → (Λ 2 ) × . The symplectic form on E is the weak coupling form ω K = a + Kπ * ω B for K >> 1. We define the vertical symplectic area of a J-holomorphic configuration u as
This is a topological invariant, although it may not be positive due to horizontal contributions. To avoid mentioning "K" too many times, denote
Label the critical points in L by x 
L(B)
N → E with fibers Lag
It is natural to ask about the existence of such a grading, for which we have the following answer:
Henceforth, we fix an
, we get a Z ΣL F grading on the fibers, and an gcd(Σ LF , N )-fold grading on L.
For a taming, coherent, stabilizing, regular perturbation datum P = (X Γ , J Γ ) Γ , define the A ∞ -maps as: Proof. The transversality 6.1 and compactness 7.1 theorems tells us that for a fixed energy E, there are finitely many J-holomorphic configurations with C u * ω K ≤ e. Thus, the output satisfies the criterion #{i, j :
For ǫ << 1, the form ω K(1−ǫ) is also a non-degenerate symplectic form. If P reg (ω K ) is the comeager set of perturbation data that tames ω K from theorems 6.17.1, we have that
as an open subset by the discussion in section 5.4. Therefore, one can either chose perturbation from a slightly smaller open set, or take K 1 so that K 1 (1 − ǫ) ≥ K and consider the A ∞ maps for L in the symplectic manifold (E, ω K1 ).
We assume that we have some solution b to the Maurer-Cartan equation, which makes CF (L, Λ 2 ) into a chain complex. Strictly speaking, this would mean that the moduli in 37, take a different form. However, we assume b = 0 for simplicity. In the sequel, we show that if 0 is a solution to the Maurer-Cartan equation for L B , then it is for L.
We filter by q degree: F k q CF (L) is generated by critical points with coefficients from Λ 2 of minimal degree ≥ kλ in the q variable, where we specify λ later. δ preserves this filtration by positivity of energy in B.
Let Λ r be the subring of Λ
and similarly for Λ q . Define Λ t as the analogous ring
for a formal variable t. Define the Floer cohomology of L with respect to this rank one local system, Maurer-Cartan solution, orientation, grading, and coherent perturbation datum to be
In section 9, we will discuss why this is independent of choices and how it obstructs the Hamiltonian displacement of L. Let 0 < ρ ≤ ∞ be the energy quantization constant for (B, L B , Kω). The filtration F k q CF (L) with step size 0 < λ < ρ gives rise to a spectral sequence E s , whose convergence is the subject of Theorem 8.1. In order to compute the second page of said spectral sequence, we introduce some notions. 8.2. Family Floer cohomology. We define an invariant for the family
in a similar vein as Hutchings [Hut] .
For the Λ r -module CF (L, Λ r ), define the map
on generators and extend linearly. We have δ 
denote the homology of CF (L, Λ r ) with respect to δ 1 . As in the Morse homology of a fibration, one can compute H(L F , E, Λ r ) via a spectral sequence arising from the filtration on base index. Take E r to be the spectral sequence induced by the filtration
The filtration is bounded, so E r converges to H(L F , E, Λ r ). As we will see, such a module is the second page of a larger spectral sequence. It is important for applications with non-trivial holonomy Φ t between critical fibers that one will need to compute the Floer continuation maps (see [BC] ) between J 
Proof. We show that the criteria from The Complete Convergence Theorem from [Wei94] section 5.5 are satisfied. Summarily, we show that the filtration is exhaustive and complete, and that the induced spectral spectral sequence is regular. We suppress some notation by setting
, which is clear in this situation.
The filtration is complete if
For simplicity, let us first assume that the rank of CF (L) over Λ 2 is one, or equivalently we show that the filtration on Λ 2 is complete. Here, the inverse system is given by the projection π kl :
by forgetting the terms of q-degree ≥ l, where f i (r) = j c ij r ηj ∈ Λ(r), η j ≥ −(1 − ǫ)ρ i , and lim i→∞ ρ i = ∞. The inverse limit is constructed as
given by collecting all of the degree ρ i terms:
The reverse map is given by
and we want to know that it defines an element in Λ 2 . In other words, for f i (r) = ∞ j=0 c ij r ηj , we check that # {c ij = 0 : ρ i + η j ≤ N } < ∞. Given that η j ≥ −(1 − ǫ)ρ i , we have that ρ i + η j ≥ ǫρ i , which goes to ∞ as i → ∞. It follows that the sum converges.
When rank(CF (L)) ≥ 2 use the fact that the filtration and inverse system projections commute with the direct sum decomposition, so that the inverse limit is the direct sum of the inverse limits. I.e.
Thus, the filtration is complete.
Next, we nee to show that the spectral sequence is regular, i.e. that δ s = 0 for s >> 1. We imitate the idea behind theorem 6.3.28 in [FOOO09] . Essentially, the proposition we need is the following Proposition 8.1. There exists a c > 0 such that
that doesn't depend on k.
Proof of proposition. We have such a c ′ > 0 for the total energy filtration, given by [Proposition 6.3.9 [FOOO09] ]. Suppose u is a holomorphic configuration counted by δ such that
For the given ǫ and choice J, we have
which proves the proposition. 
k+r−1 r that we must show is 0. Indeed,
. Now, we apply the complete convergence theorem from [Wei94] . Since the filtration of this cohomology spectral sequence is bounded below, it converges to H * (δ).
Finally, the fact that the second page is
follows from the definition of the filtration. 8.3. The spectral sequence in the setting of the usual Novikov ring. In order to provide a link to the invariants in the literature, we define the Floer chain complex of a fibered Lagrangian with coefficients in the universal Novikov ring Λ t .
Definition 8.1. Choose a regular, coherent, convergent perturbation datum (P Γ ) = (J Γ , σ Γ , F Γ ) (as in theorem 8.1). For e(u) = S u * ω H,K , define the single variable
In the sequel, we will prove that the A ∞ -maps 37 satisfy the axioms of an A ∞ -algebra composition, and the proof is the same for 43.
Assume that L is weakly unobstructed, i.e. there is a solution to the Maurer-
We define the Floer cohomology of L with coefficients in Λ t to be
, we can compute the cohomology via a spectral sequence, whose first page is the Morse cohomology: By energy quantization, there is a minimal number e 0 ∈ (0, ∞] so that for any (P Γ )-holomorphic configuration u with boundary in L, we have e 0 ≤ e(u) Let us filter the complex CF (L, Λ t ) =: CF (L) by t-degree:
for ρ = e 0 . By positivity of energy, the differential ν 1 b preservers this filtration. Denote the induced spectral sequence G s . The convergence of this spectral sequence is another application of the Complete Convergence Theorem [Wei94] as in the proof of theorem 8.1. However, this case is simpler, as exhaustiveness and completeness follow easily, and regularity follows similarly. We have that
8.4. Altering the filtration step. The choice of ρ above was arranged so that
However, we are free to choose ρ so that the second page provides a different type of information:
, and (P Γ ) Γ be as in theorem 8.1, and b a solution to the Maurer-Cartan equation for ν n . Then there is a spectral sequence B * s that converges to HF * (L, Λ t ) whose second page Floer cohomology of the family
Sketch of proof. For a particular Morse function g on L F , let Σ max,F,g be an upper bound on the energy of disks appearing in the Floer differential for (F, L F ). It is possible for Σ max,F,g to be finite due to the fact that (F, L F ) is a monotone pair that is also compact.
For ǫ << 1 and K large enough, the coupling form a + (1 − ǫ)Kπ * ω B is positive definite, so we get the inequality
If Σ B is the energy quantization for B, choose K large enough so that ǫKΣ B > Σ max,F and choose ρ so that ǫKΣ B > ρ > Σ max,F Considering the spectral sequence induced by the filtration 44 with step size ρ, the second page is the cohomology of the complex (47) (CF (L, Λ t ), δ 1 ) where δ 1 counts pearly Morse trajectories that have 0 energy when projected to B. This is the definition of HF (L F , E, Λ t ).
Invariance of datum
One wants to know that the Floer cohomology defined before theorem 8.1 is independent of choices of fibered perturbation datum and Maurer-Cartan solution. While a Hamiltonian isotopy of L may destroy the fibration structure, we want to know if our definition of Floer cohomology for a special family of almost complex structures coincides with any standard definition. 9.0.1. A review of invariance in the base. We sketch the the proof of invariance in Charest-Woodward [Section 3 [CWa] ] for rational L B ⊂ B:
For two divisors D B1 and D B2 of the same degree and two stabilizing perturbation datum P 0 P 1 , one defines a theory of quilted -P 01 -holomorphic treed disks that are P 0 resp. P 1 at the root resp. leaves and are P 01 t -holomorphic in between for some some path between P 0 and P 1 . The full result is:
Theorem 9.1 ([CWa] Corollary 3.12). For any stabilizing divisors D 0 and D 1 ⊂ B \ L B , and any convergent, coherent, regular, stabilized perturbation systems P 1 and P 2 , the Fukaya algebras CF (L, P 1 ) and CF (L, P 2 ) are convergent homotopy equivalent.
Pick a time parameterization for each quilted type that takes 0 on the root, 1 on the leaves, and only depends on the edge distance from the single quilted component. We assume that the two divisors we pick are built from homotopic sections of the same line bundle. Given an energy e, Lemma 7.1 guarantees the existence of a path (or even an open dense set) of a.c structures J D t such that D t contains no J D t -holomorphic spheres. We then take a time dependent perturbation system P 01 t that takes values in the open, dense set guaranteed by lemma 7.1 and is equal J D t on the thin part of the domain. Then, transversality and compactness follow for quilted P 01 t treed disks, and we can define a perturbation morphism P 01 from P 0 to P 1 on products by taking the isolated P 01 t trajectories. This, in turn defines an A ∞ morphism between the A ∞ algebras CF (L, P 0 , D 0 ) and CF (L, P 1 , D 1 ). To show that the composition of the two perturbation morphisms P 10 • P 01 is homotopic to the identity, one develops a similar theory with twice-quilted treed disks. ′ . To show that the composition is A ∞ -homotopic to the identity we use π-adapted twice-quilted configurations. 9.0.3. Agreement with rational case. In case the pair (E, L) is rational, we would like to see that our definition of the Fukaya algebra agrees with that of [CWa] . We begin with the ring homomorphism : as chain complexes. Since Λ(t) is a field, we have the identity
It follows that tensoring the result of 8.1 with Λ(t) gives something that we expect to be a Hamiltonian isotopy invariant. We want to see that this definition coincides with Charest-Woodward's definition of the Fukaya algebra [CWa] . We sketch the idea as follows. The divisor π 
